We propose a method to efficiently describe the shape of a 2D magnetic skyrmion with skyrmion number Q = 1, in terms of the Hilbert space of the harmonic oscillator. A variational calculation is made up to the next-to-next-to-leading order, which implies that the radius of the skyrmion is nearly independent of the local ferromagnetic exchange strength. We also use this approximation to study the dissipative matrix in the Thiele equation and the interaction of two skyrmions in a bilayer system. The analytical results are verified by the numerical results.
I. INTRODUCTION
The magnetic skyrmion is a swirling spin texture, which is topological protected, in chiral magnets [1] . Magnetic skyrmions were discovered in magnetic materials lacking inversion symmetry like MnSi by neutron scattering [2] , later, the 2D magnetic skyrmions were observed by Lorentz transmission electron microscopy (LTEM) [3] and spin-resolved scanning tunnelling microscopy [4] . Comparing with the magnetic domain-wall, the critical current density to manipulate magnetic skyrmions is ultralow [5] , thus it is important and promising to reveal the property of dynamics of the current-driven skyrmion. The current-driven motion of skyrmion can be described by the Thiele equation [6] , which is widely used in theoretical analysis, for example in the study of the property of the magnetic skyrmion [7, 8] , the skyrmion Hall effect [9] , and the study of the skyrmions in bilayer systems [10, 11] and antiferromagnets [12] .
The orientation of the local magnetic moment n of a 2D skyrmion can be parameterized in cylindrical coordinate system as [13] n(ρ, φ, z) = sin(θ(ρ))e φ + cos(θ(ρ))e z ,
where θ is the angle between n and e z . The shape of a skyrmion can be described by θ(ρ).
In most cases, we can consider a skyrmion as a point-like particle. However, when the scale of the dynamics is compatible as or smaller then the radius of a skyrmion, we shall take the effect of the shape of a skyrmion into account. Except for that, in Thiele equation, we need to know the dissipative matrix, which also relies on θ(ρ). However, the study of the skyrmions often based on experiments or simulations. In the previous works, θ(ρ) can also obtained by numerical methods [14] , or can be approximately assumed as linear with ρ [9, 13, 15] , in Ref. [16] , θ(ρ) = arctan (exp (−ρ/∆)) is assumed.
In this paper, we propose an efficient approximation to θ(ρ) of a 2D skyrmion with the skyrmion number Q = 1. We find that, θ(ρ) can be approximately expressed as Eqs. (15) and (22) . Using such approximation, one can immediately find that, the radius of a skyrmion is nearly independent of J which is the local ferromagnetic exchange strength, and is proportion to D/B where D is the local strength of Dzyaloshinskii -Moriya (DM) interaction and B is the applied magnetic field. We also compare the results of the dissipative matrix element calculated by numerical method with the results calculated by the approximation, which is shown in Figs. 4 and 5. We also study the interaction between two skyrmions in bilayer systems, the approximated results and the numerical results are shown in Fig. 6 , the interactions are shown in Fig. 7 . We find that our method fits well. Using our method, the dissipative matrix element and the interactions between the skyrmions can be explicitly related to J, D and B which is also helpful for setting up parameters in experiments.
The remainder of the paper is organized as follows. In Sec. II, we briefly review the numerical method. The approximation of θ(ρ) is discussed in Sec. III. In Sec. IV, we present the result of the study of the dissipative matrix element and the interaction between two skyrmions using approximation. And Sec. V is a summary.
II. NUMERICAL METHOD
We briefly review the numerical method in Ref. [14] which we use to obtain θ(ρ). The
Hamiltonian can be written as [17] 
where n is the orientation of the local magnetic moment and can be parameterized as Eq. (1), J(ρ) is the local ferromagnetic exchange strength, D(ρ) is the local strength of DM interaction, B is the applied magnetic field. θ(ρ) can be obtained by minimizes the total energy F which can be written as
where the energy density F can be written as [14] 
where κ(ρ) is defined as κ ≡ D/2J and we have assumed the magnetic field at e z direction and can be written as B = B(r)e z ,
The EulerCLagrange equation yileds
This equation can be solved numerically using finite difference scheme. In the following we assume J, D and B are constants so that J ′ = D ′ = 0.
III. HARMONIC OSCILLATOR EXPANSION
The numerical result is inefficient to use in later calculations, so we propose an approximation to fit the numerical result. All the functions well defined in [0, ∞), with f (0) = C and f (∞) = 0, and
dx|f (x)| 2 is finite can be expand using the Hilbert space of the harmonic oscillator. In other words we can use the solutions of equation which can be written as
The solution is well-known and can be written as
where H n (x) is the Hermite Polynomials. Then a function f (x) can be expanded as
with
Some examples can be shown in Table. in Ref. [16] .
A. Leading order approximation
In the examples, we use an arbitrary ω, however, an appropriate ω is helpful for convergence. To find an appropriate ω, we use the Rayleigh C Ritz variational method [18] .
We use φ 0 as a trail solution. To ensure θ(0) = π and θ(∞) = 0, we can just use 
0, x > π.
4.414 1.012 0.354 -0.173 -0.042 0.009
5.821 3.498 1.969 1.101 0.650 0.168
3.486 0.069 0.428 -0.031 0.157 -0.040
5.746 3.000 1.014 0.371 0.407 0.117
as a trail solution. Then we find, to minimize the total energy F in Eq. (eq.2.2), ω LO should satisfy this equation
where γ E is the Euler constant and Ci is the cosine integral function which is defined as
The result can be written as
where a is defined as
ω LO can be approximately written as Table. I. The solid line is for f (x) while the dashed line is for the approximated function
Those functions are also the assumed θ(ρ) in previous works.
At leading order, θ(ρ) ≈ θ 0 (ρ) = π exp(−ω LO ρ 2 /2), the radius of a skyrmion is directly related to ω LO . We find that, the radius of the skyrmion is independent of J. To verify this,
we show examples of the numerical result and the θ 0 (ρ) with ω obtained from Eq. (14) in Using θ LO (ρ), we can also estimate the radius of a skyrmion, which can be written as
As a result, we find R ∝ D and R ∝ 1/B. 
B. Next-to-next-to-leading order (NNLO) approximation
At the next-to-leading order (NLO), using variational approach, we find that the result is as same as the LO, so we calculate the NNLO approximation. The trail solution at NNLO can be written as θ NNLO (ρ) = C 0 φ 0 + C 1 φ 2 + C 2 φ 4 . If we require θ NNLO (0) = π and θ NNLO (∞) = 0, θ NNL (ρ) can be simplified as
where a, b and ω are parameters to be determined.
We assume both a ≪ 1 and b ≪ 1, and using variational method, i.e. using d db
where i = 1, 2, 3, and 
and a 131 = −2π 
where p F q are hypergeometric functions.
The solution can be written as 
Using Eqs. (17) - (21) we find
We show some examples with both θ LO (ρ) and θ NNLO (ρ) compared with the numerical results in Fig. 3 . We find that θ NNLO (ρ) is closer to the numerical results as expected.
IV. APPLICATIONS
Phenomenologically, one is able to predict the behaviour of skyrmions which associated with θ(ρ) using the Eqs. (15) and (22) In this section, we show two examples that the problems can be greatly simplified with the approximation presented in this paper.
A. Application with Thiele Equation
The motion of a skyrmion can be described using the Thiele equation. The Thiele equation can be written as
where f µ pin is the phenomenological pinning force, g is the gyromagnetic coupling which is proportional to the skyrmion number g = 4πQ, ǫ µν is the Kronecker tensor, v is the collective velocity of skyrmion and j is the applied electrical current, α is the Gilbert damping coefficient, d µν is the dissipative matrix.
Using Eq. (1) we find
Using Eq. (15) we find d 0 can be written as
where b is given in Eq. (22) , and
where a 111 is given in Eq. (17) .
As a result, d 0 can be written as
We compare the d 0 in Eq. (27) with the numerical results. The regions correspond to
Refs. [8, 19] are shown in Fig. 4 . The region used by Ref. [20] is shown in Fig. 5 . We find that the numerical results agree with the approximation well. The difference increases when the d 0 goes away from c 1 which is defined in Eq. (26), and is the result of θ LO (ρ), because when the real θ(ρ) deviating from φ 0 , the higher orders become more important. 
B. Interaction of skyrmions in bilayer system
The interaction between two skyrmions on two separated and overlapped planes is an interesting problem studied in Ref. [11] using micromagnetic simulations as well as the analysis based on Thiele equation. Also, when the two skyrmions are close to each other, θ(ρ) will play an important role in the interaction between the two skyrmions.
The normalized potential between two skyrmions can be written as [11] 
where n 1 and n 2 are magnetic moments of the two skyrmions, J inter is the Heisenberg inter- action between two layers, r d is the distance between the two skyrmions.
When D < 0, one can use the parameterizations
The equation for θ(ρ) is as same as Eq. (5) with D replaced by |D|. As a result, with
we will have two skyrmions with the same size and same θ(ρ), which enable us to use the θ LO or θ NNLO analytically.
For D 1 = ±D 2 , we define the corresponding normalized potential as u ± (r d ), and u ± (r d )
can be written as
Note that both θ LO (ρ) and θ NNLO (ρ) are functions of −ωρ 2 and can be written as
, for simplicity, we can take the x-axis as the direction of r d and rewrite u ± as
By recalling the integration variable x → x/ √ ω and y → y/ √ ω, we find u ± (r d ) can be written as
whereū ± (r ′ d ) can be written as
where 2r It is difficult to obtain the analytical result ofū ± (r d ), so we use Padé approximants [21] which is used in various physics applications [22] . When the two skyrmions are far away from each other, the skyrmions should be independent of each other, so that the functions u ± (r d ) should be asymptotically become constants. Using numerical calculation, we find |∂ r dū ± (3)| < 0.02, so we use k-points [m, n] order Padé approximants andū ± (d) can be written asū
We use three-points [5, 4] order Padé approximants where p 0,...,4 and q 1,...,4 are 9 constants independent of J, D and B and can be fixed by equations
where k = 1, 2, 3 and r ′ 1,2,3 = 0, 3/2, 3 and l = 3. As a result, we find u ± (r d ) can be written as
with r d max = 6/ √ ω LO where ω LO given in Eq. (14), and with We also calculate u ± (r d ) using the numerical result of θ(ρ). We calculate the result using D/J = 0.18 and B/J = 0.0164 which is at the region of skyrmion phase in Ref. [8] . We calculate both the numerical result and the leading order approximation result, they are shown in Fig. 6 .
We find in Fig. 6 that, up to leading order, our result fits well with the numerical result.
However, using Eq. (37), it is also very convenient to obtain the interaction between the two skyrmions by F (r d ) = −|J inter |∂ r d u(r d ) [11] , and −∂ r d u ±LO (r d ) are shown in Fig. 7 .
V. CONCLUSION
As a topological soliton, the skyrmions are often treated as point-like particles. However, when the scale of the dynamics is compatible as the radius of a skyrmion, we shall consider the effect of the shape of the skyrmion. Except for that, we need θ(ρ) to obtain the dissipative matrix in the Thiele equation. The study of the θ(ρ) is both interesting and important.
In this paper, we propose a method to approximately represent θ(ρ) efficiently with the help of the Hilbert space of the harmonic oscillator. Using variational approach, we find the result can be written as Eqs. (15) and (22) . Using the result, we can immediately conclude the radius of a skyrmion is nearly irrelevant with J. Examples that the radius of a skyrmion is nearly irrelevant with J is shown in Fig. 2 . We also use the approximation to study the interactions are shown in Fig. 7 . We find the numerical results agree with the approximation.
